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Abstract. SAT-based model checking has become a prominent approach
to the verification of temporal properties. However, while invariant model
checking can produce simple proofs based on induction, proof generation
for SAT-based model checking of liveness properties is much more com-
plex.

In this paper, we focus on a recently developed algorithm, called rlive,
which has been proved quite effective in practice. rlive tries to find a coun-
terexample with a series of reachability checks, while iteratively blocking
shoals, i.e., set of states that cannot be extended with fair paths. Despite
the complexity of the algorithm, we show that the shoals are sufficient to
generate a proof in a deductive system for temporal properties. We im-
plement the approach in an existing certifying model checking framework
based on the PVS theorem prover, and we experimentally evaluate it on
liveness verification problems from the hardware model checking compe-
tition, generating proofs using the nuXmv model checker and checking
them with PVS.

1 Introduction

Applying formal methods as a tool for certifying high-assurance and safety-
critical systems demands for verification tools that are capable of providing a
high level of confidence in their outcomes.

A model checker generally offers a straightforward “yes” or “no” answer when
addressing a verification problem. When the answer is “no” the model checker
provides a counterexample as supporting evidence. No such evidence is usually
given when the answer is “yes”. Moreover, the growing complexity of model
checkers themselves has made it increasingly important to obtain certificates
from their process. The idea of certifying model checking [19] is to generate
certificates as a byproduct of the verification. These certificates, often in the form
of deductive proofs, serve to build trust in the verification results by providing
additional evidence of correctness.

In this paper we consider problem of certifying the liveness checking problem,
denoted M = FGq where FGgq intuitively means that, in any satisfying trace, g
eventually holds in all the future states. More specifically, we focus on rlive [30],



a new SAT-based model-checking algorithm for the verification of liveness prop-
erties of finite-state symbolic transition systems, which has been proved quite
effective in practice. rlive tries to find a counterexample with a series of reach-
ability checks, while iteratively blocking a set of shoals, i.e. set of states that
cannot reach a —g-state infinitely often.

We show that, despite the complexity of this algorithm, the shoals are suffi-
cient to generate certifying proofs for the liveness property in a deductive system.
The shoals are easily provided by the model checker, in the case where this has
verified that the model satisfies the liveness property.

Our starting point is the approach presented in [15], describing a method
for the generation of liveness checking certificates using the k-liveneness algo-
rithm [9]. The key idea of k-liveness is it prove that a liveness property holds,
by bounding how many times g can be false. For any valid liveness property in
a finite-state transition system, there exists a bound k such that ¢ can become
false at most k times in any trace. The algorithm incrementally searches for this
bound (k = 0,1,2,...), using a SAT-based safety checker to verify each bound
until one succeeds. In this paper, we adapt and generalise the certification proce-
dure for k-liveness of [15] to make it applicable also to rlive. We then extend our
previous work of [28], where we presented a theorem prover based certification
framework for invariant properties, to handle liveness proofs.

More specifically, we make the following contributions:

1. The formalisation of new temporal deductive rule capturing rlive. We for-
mally prove the correctness and completeness of the rule. This rule is a generali-
sation of the temporal rule for k-liveness presented in [15]. The correctness result
is proved within a deductive proof system developed in the PVS specification
language [26], so that it can be used within an automated proof strategy.

2. The development of a proof strategy for certifying the success of the model
checking answer “yes”, when the model checker has used rlive to show that the
model satisfies the liveness property. This strategy only takes as input the set of
shoals, which are created during the model checking stage.

We experimentally evaluate our approach on liveness verification problems
from the hardware model checking competition, generating proofs using the
nuXmv model checker 7] and checking them with PVS.

Outline The rest of the paper is organised as follows. §2| provides an overview
of related work. §3]introduces notation and background notions. §4 describes our
contribution at formalising rlive as a temporal deductive rule and at generating
proofs for certifying liveness checking results using rlive. §5| reports an evalua-
tion of the prototype implementation of the proof strategy on a standard set of
benchmarks for liveness checking. §6| concludes the paper.

2 Related Work

This work builds upon the concepts first presented in |15], where it was shown
how to exploit the k-liveness algorithm to extend proof generation capabilities



for invariant checking to cover full linear-temporal logic (LTL) properties, with
little overhead for the model checker. The work shows how k-liveness can be
formalised as a temporal deductive rule and its correctness proved within a
complete axiomatic system for LTL from [13]. However, in that case no theorem
prover was used to check the proof generated by the model checker.

In 28] the authors fill this gap by presenting a novel approach for certifying
model checking results exploiting a theorem prover, namely PVS, and a theory of
temporal deductive rules that can support various kinds of transformations and
simplifications of the original model, such as 2-phase abstraction and temporal
decomposition. This work was however restricted in that it can only handle the
proof of invariant properties.

The present work builds upon the theorem-prover based approach from [28],
by showing how to certify model checking results for liveness properties, specifi-
cally when the model checker uses the newly introduced rlive algorithm to prove
the property at issue. Even though rlive looks as a very different algorithm from
k-liveness, the proof of the first turns out to be a generalisation of the latter
presented in [15].

A different approach to certification is presented in [31], where a formal
framework designed to certify model checking results based on k-induction is
described. The core of this certification process is the creation of a witness circuit
which simulates the original circuit, and which includes an inductive invariant
that serves as a proof certificate. This approach is extended further in [4] and |12].
The framework is however limited to the certification of invariants, and doesn’t
consider liveness or general LTL properties.

A relevant approach to certifying the correctness of liveness properties specif-
ically is presented in [16]. The authors present a variant of the liveness-to-safety
algorithm [1], and transform the liveness property into a safety property using
a reduction. Then they get a proof for that safety property. However, this re-
duction has to be trusted as correct, and the proof does not target the original
system, but the result of the reduction. In our work, we produce a temporal
proof of the fact that the original system satisfies the property, so that only the
theorem prover performing the proof, and not the model checking algorithms
used, has to be trusted.

Other approaches concerning the generation of proofs from model checking
results include 23], [22], |17] and |10], but they are mainly theoretical, and no
implementation is available, to the best of our knowledge. In contrast, our cer-
tification procedure has been implemented within a theorem prover framework,
and specifically targets the rlive algorithm.

3 Background and Preliminaries

We operate within the framework of Boolean (propositional) logic, using the
standard concepts of satisfiability, validity, interpretations, and models. We use
lowercase Latin letters x, v (possibly with subscripts or primes) to denote propo-
sitional variables. Similarly, uppercase Latin letters X,V represent sets of vari-



ables. Uppercase Latin letters Z, T, as well as lowercase Latin and Greek letters
q, ¢, ¥, are used to denote formulae, while uppercase Greek letters I" and A and
IT represent sets of formulae.

3.1 Transitions Systems

We take into account systems modeled by state transition structures, implic-
itly represented by propositional formulae. A transition system M is a triple
(X,Z,T), where X is a set of (propositional) state variables, Z(X) is a formula
representing the initial states, and T'(X, X’) is a formula representing the sys-
tem’s transition relation. The states of M are (complete) assignments to the
variables in X. We denote by X'x the set of states. A state s € X'x is a model
for a propositional formula v, denote by s |= (X), if substituting the values of
s into 1, the formula v evaluate to True. Next states, i.e., those reached after a
transition, are represented as assignments to primed state variables X’. A path
of M is an infinite sequence of states sg,s1, ... such that so = Z, and for all
i >0, s;,5;,, = T. Given a path 7 := s, 51,... we denote with 7[i] the state s;.

3.2 Linear Temporal Logic

Linear Temporal Logic (LTL) was introduced by Pnueli [24] for the specification
and verification of reactive systems. Formulae of LTL are constructed from a
set of propositional variables X using the usual logical connectives (=, A, V)
and some temporal operators X (“next”), F (“eventually”), G (“always”) and
U (“until”). LTL formulae are interpreted in terms of paths, i.e., sequences of
states of a transition system. Their semantics is also extended to states and
whole transition systems.

Given a transition system M = (X,Z,T), a path 7 := sg, $1,... in M, an
index 4 and a formula ¥ over X, we define 7, = v, i.e. that 7 satisfies ¥ in 1,
as follows:

—milET and m,i = L.

— For each p € X, m,i = p iff 7[i] = p.

— i = iff i fE .

— milE A it i =4y and 7,0 = 4.

= mi E YL Ve iff Ti = ahy or T .

—miEXyif mi+1E.

— m,i = Fy iff m,j =« for some j > .

— mi = Gy iff m,j E o for every j > i.

— 7,1 =1 Uty iff 7, j = 1o for some j > i and 7,k |= 1y for every ¢ < k < j.

Finally, 7 = ¢ iff 7,0 = ¢. Given a propositional formula ¢ over X, we
call the liveness checking problem, denoted by M = FGg, the problem to check
7 = FGq for all paths © of M. FGq intuitively means that, in any path of
M, q eventually holds in all the future states. Therefore the condition —¢ can
only be visited a finite number of times. Dually, a counterexample of FGgq is



an infinite path where —q is visited an infinite number of times, i.e. there is
a trace satisfying GF—gq. Since we are working in the finite-state case, such a
counterexample must be a lasso-shaped path, i.e. an infinite sequence of states
consisting of a finite prefix leading to a cycle that repeats forever. The general
model checking problem, denoted by M = ¢ where ¢ is an LTL formula, can
be reduced to the liveness checking problem M x A_, = FGgq following the
standard automata-theoretic approach [29], where —q is the Buchi acceptance
condition of A-g.

3.3 Liveness Checking with rlive

rlive is a recent algorithm for verifying liveness properties in finite-state sym-
bolic transition systems [30]. It can be seen as a variant of k-liveness [9] that
explores the state-space in a depth-first search manner. Like other approaches,
rlive reduces the liveness checking to a sequence of safety checks. Algorithm
describes how rlive is implemented using a generic invariant-checking engine.
The key innovation is that rlive builds counterexamples to FGgq incrementally
through a recursive, depth-first search process, rather than directly searching
for lasso-shaped counterexamples. When looking for counterexamples, rlive first
finds a path from the initial states to a —g-state, i.e. a state that satisfies —q.
This happens in the first iteration of the while-loop at line 4, Algorithm [} where
-C' and ﬁC’E both evaluate to T. The state s, line 5, is the first —¢-state met.
Notice that if such a state is not reachable, then Ggq is proved and so is FGq.
Then it searches for additional —g-states from the successors of each discovered
—g-state (line 9). During this process, either of the following outcomes occurs:

1. a previously visited —¢-state is met again, creating a lasso-shaped counterex-
ample that violates the liveness property (lines 11-12), or

2. the search reaches a point where no more —¢-states can be reached. In this
case, rlive obtains an inductive invariant, the shoal, from the safety checker,
which describes the set of states from which —¢ can be visited a finite num-
ber of times only (lines 15-16). Clearly, no state in the shoal belongs to a
counterexample trace.

Hence, the shoals are used to restrict future searches by blocking parts of the
system state space. The algorithms excludes the states in C' from the transition
system by adding the constraint =C' A—=C" to T (lines 4 and 9). Additionally, the
states to be searched are no longer simply —¢-states, but states in 7! (=C)N—q
(lines 4 and 9), i.e. —g-states that also have successors outside the shoal C,
to exclude —g-states that are proved not to be part of the counterexample.
This procedure continues until either all the reachable —¢-states are eliminated,
proving the property (line 18), or a lasso-shaped counterexample is found (lines
11-12).

! We remark that for a formula A, the primed notation A’ represents the set of states
that are immediate successors to states satisfying A. This is semantically equivalent
to the LTL next operator X introduced in Section @



Algorithm 1: rlive algorithm [30].

1 Procedure rlive(X, I, T, FGq) begin

2 C:=1

3 B := empty stack of states

4 while check-invariant(X,I,T A (=C A =C"), T~ (=C) — q) is Unsafe do
5 s := final state of get-counterexample()

6 B.push(s)

7 while B is not empty do

8 s := B.top()

9 if check-invariant(X,T(s), T A (—-C A =C"), T~ (=C) — q) is

Unsafe then

10 t := final state of get-counterexample()

11 if t € B then

12 ‘ return Unsafe

13 B.push(t)

14 else

15 inv := get-inductive-invariant()

16 C:=CVinw

17 B.pop()
18 return Safe

3.4 Theorem Proving in PVS

The Prototype Verification System (PVS) [20] is a specification language inte-
grated with a theorem prover. The PVS theorem prover is interactive, but it also
supports strategies development |21] and a batch mode [18], so that proofs can
be run automatically. PVS uses a sequent-style [14] proof representation. A PVS
sequent is an object of the form Ay, As, As, ... By, Bs, Bs, ..., where formulae
A; make the antecedent and formulae B; make the consequent. The sequent
above asserts that “if all the A’s are true, then at least one of the B’s is true”.
Hence, the sequent means the same as: (A3 A A2 A As...) = (B VByV Bs...).
The prover builds a proof tree that starts with - A, where A is the theorem
to be established. A proof is accomplished when all the leaves are recognised as
true: this occurs if any antecedent is the same as any consequent (C, I" - C, A), if
any antecedent is false (False, I' = A), or if any consequent is true (I" - True, A).
Other sequents can be recognised as true using more powerful inferences [26)].

3.5 A shallow embedding of LTL into PVS

In [28] we present a formalisation of LTL into PVS, following a shallow embed-
ding approach [5}25].

In the PVS theory shallow_1tl we declare the type trace as all mappings
from natural numbers to states. An LTL formula is a function that takes a trace
and a natural number, and returns a boolean PVS type (True or False), which
is the truth-value of the formula at point on the trace. A state is an object of
any type, and it is an explicit parameter of shallow_1t1.



shallow_1ltl[State: TYPE+]: THEORY

BEGIN

Trace: TYPE = ARRAY[nat -> Statel
ltlformula: TYPE = [Trace -> [nat -> bool]]

Examples of definition of propositional and LTL operators within our theoryE]
follow, where P is an LTL formula.

NOT(P) (trace: Trace) (t: nat): bool = NOT P(trace)(t);

NEXT (P) (trace: Trace)(t: nat): bool = P(trace) (t+1);

GLOBALLY(P) (trace: Trace)(t: nat): bool = FORALL (tO: nat): tO >= t IMPLIES P
(trace) (t0);

An LTL formula P is valid if it is true at the initial state of any trace. A stronger
notion of validity, called global validity, is when the formula is true at any state
of any trace.

|=(trace:Trace, t:nat, P): bool = P(trace) (t)
valid(P): bool = FORALL (trace: Trace): |=(trace, 0, P)
valid_all(P): bool = FORALL (trace: Trace): FORALL (t: nat): |=(trace, t, P)

The full theory shallow_1t1l can be found in a dedicated repository [27].

4 Certifying Liveness Properties Using rlive

Consider the liveness checking problem M = FGgq, where M = (X,Z,T) and ¢
is a propositional formula over X. With an abuse of notation, we consider 7" also
an LTL formula, identifying z’ with X(x) for every variable € X. In order to
prove M |= FGgq, we provide a proof of (Z A GT) — FGg, following the same
approach as in [15].

4.1 A New Temporal Deductive Rule for Liveness

In order to prove (Z A GT) — FGgq, we use the following inference rule denoted
with RL

Pi Po Pkl Pp1 Pkn Ppn
IAG(T) = FGq

RL

The premises of the rule RL are:

P, :=(ZNGT NG-C) = Ggq

Py = G(Co g J_)

Pk = G((CO \Y Cl) ANT — X(Co \Y Cl))
Pp1 = G((Co VC1) NT AN =g — X(Co))

Pk, :=G((CoV...VC)ONT - X(CyV...VCy))

2 PVS allows overloading of built-in symbols. In the definition above the first NOT is
our defined LTL operator, which creates an LTL formula and whose semantics is
defined via the boolean PVS operator NOT.




Pp, ZZG((CO\/...\/Cn)/\T/\“(]—)X(Co\/...\/cn_l))

where C :=CoVC1 V... VC,.

Intuitively, P; means that any trace of M satisfies that either a state in the
shoal will be met eventually, or ¢ is an invariant - being the formula (Z A GT A
G-C) — Ggq equivalent to (Z A GT) — (FC V Ggq). If the latter is the case,
then FGq holds and the liveness property is therefore verified. Thus we need to
cover the case where a shoal state is met eventually (FC').

We consider the additional premises of RL, Py, Pky, Pp1, ..., Pk,, Ppn. Py
simply states that the shoal is initially empty. Each premise Pk; (1 < i < n)
states that the invariant Cy V --- V C; incrementally built is inductive. Each
premise Pp; (1 < i < n) states that if we are in a state where Cy V --- V C;
and —¢ both hold, following the transition 7', the next state will belong to at
least one shoal that was added to C' before Cj itself, i.e. to Cy V...V C;_1. This
means that once in the shoal, we do not exit it, and that the search space can be
incrementally restricted, as long as we keep visiting a —g-state. Notice that Pk,
is equivalent to G(C; AT A —q — L1): states in Cy cannot reach —¢g-states at all.
C1 represents the first non-empty set of states added to C' by the algorithm.

A formal proof of the fact that rlive contains the information necessary to
prove premises P;, and Pk;, Pp; for 1 <i < n is given in Section [4.3]

RL as a generalisation of k-liveness rule In the temporal proof for k-
liveness from [15] we have formulae «p, . .., ag1, that keep count of the number
of times the fairness condition —q is reached. Assuming by contradiction that we
will keep reaching —q, eventually a1 is reached. This final formula expresses a
contradiction as —q can be visited at most k times by the k-liveness algorithm [9].
Thus, any path starting from Z can visit —q finitely many times only (concluding
FGq).

RL generalises this k-liveness rule, in the sense that it can be used to build
proofs for k-liveness, but the premises are more relaxed to cover more general
proofs. In particular, given the a’s conditions from k-liveness, RL can be used
to perform a k-liveness proof as in [15].

Given n = k+ 1, we can establish this mapping: each k-liveness condition «;
for 0 < ¢ < k+1 maps to Ck_;41, so specifically a1 maps to Cp, both formulae
expressing a contradiction, ay maps to C7 and so on through the sequence up
a1 mapping to Cy and ap mapping to Ciy1. C = CyV...VCy = agr1 V... Vap.
Given this mapping, we can prove that if the premise P; of k-liveness holds,
which states that Z — F(«y), than the corresponding P; of RL holds too, as ag
implies C using the mapping above. Moreover it is possible to prove by induction
that, given this mapping, if each Pk; and Pp; premises from k-liveness hold, then
so do the corresponding premises for RL.

Thus, RL can be used in alternative to the rule defined in [15] for k-liveness,
but the premises are more relaxed to accommodate the proof of rlive. In particu-
lar, it provides a more general first premise P;, and weaker premises Pk; than the
corresponding premises of k-liveness. In the k-liveness rule, P; := 7T — F(ayp),



i.e., from the initial state we can reach o and start counting. In RL we need
to consider the alternative possibility that the shoal stays empty (FC is false),
thus concluding Ggq. The Pk; premises from RL allows to transition from a C;
to any shoal with a lower index, whilst in the k-liveness rule a state from «; is
required to either remain in «; (when ¢ holds) or transition to the immediate
successor condition ;1.

4.2 Correctness of the rule

Let us denote the set of formulae {Pki, Pp1,..., Pk, Pp,} simply with II.
The full formalisation and proof of correctness of RL has been done in PVS in
our theory lemmas_shallow_1tl [27], in the form of a validity statement: for all
formulae Z, T, ¢ and C we proved that valid((P,APyAIT) — (ZAGT — FGq)).
The schema of the proof is as follows, and we refer to [27] for the fine-grained
proof.

Py
(ZANGT) = (-G-CV Ggq)
(ZAGT) — (FCV Gq) [T A GT]
FCV Ggq

If Gq is the case:
Gq
FGq
(ZAGT) — FGq

Let us now consider the second possibility: FC.

FC I  [IAGT] [GF-q P
RLB FCo G—Co
1
-GF—q
FGq

(ZAGT) — FGq

Notice that the main step to prove the correctness of RL is the following
deduction rule

FC I  IAGT GF—q
FCo

This rule states that if we are on a trace where the shoal C' is eventually
entered, and where —¢ holds infinitely often then, considering the additional
premises IT of RL, we are bound to enter the last shoal Cy. As shown in the proof
sketch above, the assumption of the fact that —¢ holds infinitely often is used
to perform a proof by contradiction, and it is negated when the contradiction
is reached. Also RLB has been formalised and proved in PVS within our theory
lemmas_shallow_1tl [27]. The proof RLB uses the KLB rule from [15], which
is the main step for the deduction of their temporal rule for k-liveness. This is
because, as explained earlier, RL is a generalisation of this rule.

RLB



4.3 Completeness for rlive

In this section, we show that the rule is complete to provide a proof for the
property proved by rlive, in the sense that rlive can be easily extended to generate
the premises of the rule.

The C; are the inductive invariants that are generated by performing a series
of invariant checks on variations of the original transition system. Thus, initially
C := Cj is empty (Co = L, from line 2 of Algorithm 1)). New shoals are added in
disjunction and at the i-th iteration C = C<; := Cy V...V C; (lines 15-16). At
each iteration (lines 8-17), rlive proves that the new C;;; shoal is an inductive
invariant for the modified transition T' A ~C<; A =CZ; and that it implies the
invariant T A—=C”, — ¢ (line 9). We can prove that this is sufficient to prove the
premises Pk, and Pp, from section [£.2]

Theorem 1. Assume that for all i, 0 < i < n, the following holds:
F (Cisi AT A=C<i A=CLy) — Gy (1)
Ciy1 ANmqANT A _‘Clgz ): 1 (2)
Then for all i, 0 < i < n, the following implications are valid:
((C<i VCipa) AT) = (CL; v Ciyy) (3)
((Cgi V Ci+1) AT A ﬁq) — C/Sz (4>
Proof. We prove (8) by induction on 4. Since C<; = L in case i = 0, the base
case of (3), what we want to prove says that (C; AT) — (C}), which is exactly
the assumption with ¢ = 0.

Let us consider the step case of the induction. By inductive hypothesis we
know that (C<; AT) = (CL;). By (1), we have that =C<; ACiy1 AT — CL, .
From these two, we can deduce that the same holds for ((C<; V Ciz1) AT) —
(CL; vV Ciiq), that is

We now prove (@), From (3)), we have that ((C<;) AT) — (CL;). From (2),
we deduce that (Cj11 AT A —q) — C.,. From these two, we can deduce that
((Cgl V Ci+1) AT A —|q) — C/Sz? that is (14). O

Similarly, we can prove that the information provided by the algorithm rlive
is sufficient to prove the initial premise P;. The idea is that C represents the
final shoals returned by the rlive algorithm and the algorithm proves that P;
holds. The last invariant check at line 4 of Algorithm [I] returns an invariant, let
us call it v, that is inductive for the modified transition T'A —~C A —C’, and such
is that it implies the invariant T'A -C’ — g.

Theorem 2. Assume that the following holds:
Fv— (TA=C" = q) (5)
EING(TA-C)— Gy (6)
Then the following implication is valid:

IAG(T A=C) — Gq (7)



Proof. From[p|and|[6]it immediately follows that ZAG(TA=C) — G(T A=C" —
q). This is equivalent to Z A G(T A —=C) — G(¢V —T Vv C"). From this we can
easily prove that Z A G(T A -C) — Ggq which is |7} This final step has been
verified in PVS, since it is an essential proven lemma of our proof strategy
presented in Section[£.5] Having proven it definitively, we can reuse it throughout
our approach. For the detailed proof, we refer to [27], where the proven lemma
appears under the name stronger_ind _proof_2. O

These proofs give an alternative demonstration of the correctness of the rlive
algorithm, when the property is proved correct, using the rule RL. The proofs
are given here for completeness of the presentation. However, to avoid trusting
the implementation of the rlive algorithm and in the spirit of certifying model
checking, we set a certification process in which we use a theorem prover to
check the certificates generated by the model checker, as detailed in the following
section.

4.4 Certification process
Our certification process goes through three main stages:

1. The model checking stage, where we run the model checker and we dump
the inductive invariants C' making the shoals and the final invariant 1 as
described in Section [I.3] These are the parameters required by the proof
strategy described in the next section.

2. The theory generation phase, where a PVS theory is generated with the
relevant specification of the model M, the property to be proved, the pa-
rameters, the claim of the main theorem and the PVS proof-script with the
strategy to be run to prove the main theorem.

3. The PVS proof which generates the proof certificate. Each proof uses the
PVS strategy presented in the next sections, and follows a consistent pattern
for all liveness checking problems M = FGg. The proof consists of two key
components: a structural part and a proof obligations discharging part. The
structural part involves applying LTL definitions and the temporal deductive
rules which we have proved once and for all as PVS lemmas, such as the
lemmas for rlive RL. This part remains identical regardless of the specific
model and property being certified. The proof obligations discharging part
focuses on proving the propositional implications at the leaves of the proof
tree and it is accomplished using the PVS built-in SAT solver (PVS uses the
SMT solver Yices [11]). The critical aspect of the proof lies in this discharge
of the proof obligations by Yices, as these proof steps confirm that the model
M satisfies the necessary premises for applying RL, thereby validating the
conclusion of M = FGq. We remark that, alternatively to a SAT solver,
purely syntactic and resolution based methods can be used in this stage of
the proof strategy to discharge the propositional implication leaves. In PVS
such methods are prop or bdd-simp [26]. However, for large formulae, they
do not scale as well as a SAT solver. A full example of a proof using RL,
on a concrete transition system and liveness property, can be found at [27]
(rlive_example _proof _output).



4.5 A Proof Strategy for Liveness Checking

Given a model M = (X, Z,T), aliveness property ¢ and a formula C representing
the shoal, which is provided by the model checking stage, a proof strategy for
certifying liveness results utilises the temporal deductive rule RL (as presented
above) as a proven lemma, and then proceeds to discharge each of its premises
P;, Py and II.

The strategy takes the sequence of formulae Cy,...,C,, whose disjunction
makes the shoal, as explicit parameters. The model checker provides an addi-
tional parameter formula, let us call it ¥. As we will see later, this is the inductive
invariant that will be used to accomplish the proof of the premise P;.

The proof tree starts with the goal: - valid(Z A GT — FGq). The strategy
splits in two branches: Branch 1, where the premise P; is added to the set of
assumptions, and Branch 2 where P; is added to the set of conclusions, to be
proved. In practice we make use of the PVS rule Case which allows us to assume
a formula and subsequently prove this formula to be true [26].

Branch 1 in turns splits into two branches: Branch 1.1 where the remain-
ing premises Py and II’s are added to the set of assumptions, and Branch 1.2
where Py and II’s are added to the set of conclusions, to be proved.

On Branch 1.1 RL is added to the set of assumptions as a proven lemma,
with appropriate substitution for the formulae representing the shoal C, Z, T
and the liveness property ¢ within the RL premises P;, Py and II. The sequent
at the leaf of Branch 1.1 has this form:

-1 | wvalid(Po APy ANII = (ZANGT — FGq))

=3 | walid(Py A IT)

(
-2 valid(P;)

(

(

1 | valid(Z N GT — FGgq)

which is clearly provable after expanding the definition of “valid” and some
simple symbolic manipulation. This concludes the proof of Branch 1.1.

The strategy turns then to Branch 1.2, where the premises Py, Pki, Pp1,

, Pk,, Pp, have to be discharged. After expanding the definition of the
Globally operator G, which is the main operator of each of these premises, they
can all be discharged by rewriting Z, T', ¢ and each C; for 0 < i < n with
the appropriate formulae from the theory at issue, and by using the PVS SAT
solver Yices to prove the propositional implications at the resulting leaves. This
completes the proof of Branch 1.2.

The strategy turns to Branch 2, where premise P; has to be discharged.
We remind the reader that P; := Z A GT AN G-C — Ggq. This is a invariant
claim equivalent to Z A G(T A =-C) — Gq. P; expresses that the formula ¢
is an invariant for the model M = (X,Z, T} with 7' := T A ~C A —~C". Since
formula ¢ is not necessarily inductive w.r.t. /\/l, we need an invariant formula 1,
that is inductive and that will imply the proof of the invariant claim in P;. The



model checker is able to produce such an inductive invariant as the result of the
invariant check contained within the rlive algorithm, as described in Section [£.3]
(line 4 of Algorithm. It then passes this as a parameter for the proof strategy,
together with the shoal formula C'. In order to prove P;, the proof strategy applies
a subroutine for proving invariants using inductive invariants. This subroutine
strategy takes the formula 1 as parameter and carries out a proof of P;. This
strategy is an adaptation of the strategy for proving invariant presented in [28].
This completes the proof of Branch 2.

Our PVS implementation of this strategy can be found at [27], together with
a full example of a proof using this strategy.

5 Experimental Evaluation

In this section, we present the experimental evaluation of our proposed method-
ology, assessing the effectiveness, efficiency, and robustness of our approach
through a series of comprehensive tests run on publicly available benchmarks
sets. We describe the experimental setup, including the hardware and software
configurations, the datasets used, and the specific metrics considered for the
evaluation. We also provide a detailed analysis of the results obtained.

Setup We have implemented our proof generation and certification procedure
on top the model checking tool nuXmv [7]. The tool takes as input a model in
Aiger [2] format, and produces the inductive invariants making the shoal and the
inductive invariant ) described in Section [4.5] as Aiger combinational circuits
expressed over the state variables of the model.

We then apply a simple Python script to translate the input model and the
generated invariants into a PVS theory. We make the script available (together
with the rest of the our toolchain) at [27]. The Python script is relatively sim-
ple, and it can be verified through standard software verification methodologies.
This was adapted from our work from [28] to include generation of theories for
liveness checking. The overhead of this translation stage (namely, stage 2 of the
certification process described in Section is negligible, and therefore not in-
cluded in the results evaluation where we only compare the model checking stage
and the proof generation stage.

Benchmark Set For our evaluation, we have collected a total of 53 distinct
problem instances from different families, stemming from previous Hardware
Model Checking Competitions (HWMCC) [3]. These 53 instances are the safe
instances that could be successfully proved by nuXmv in the time limit of 1200
seconds. All benchmarks, certificates, and run logs have been made available for
reference [27].

Results The nuXmv runs were carried out on a computer cluster, on a queue
consisting of 4 nodes with identical hardware specifications. Each node is equipped



with an Intel Xeon CPU 6226R processor operating at 2.9 GHz, with 32 CPU
cores and 16 GB of memory. These jobs were managed by SLURM with a mem-
ory limit of 4 GB and a wall-time limit of 1200 seconds per experimental run.

PVS experiments were conducted using PVS8.(E| on the set of benchmarks
described above, on the same cluster and in the same setup mentioned above,
with a memory limit of 8 GB and a wall-time limit of 3600 seconds per run.

The results demonstrate the effectiveness of the prototype implementation,
integrating our rlive proof strategy described in Section |4.5| within the existing
certifying model checking framework based on PVS [28]: of the 53 total test
cases, 41 in total were successfully proved by PVS within the allotted time and
memory constraints, whilst remaining 12 cases exceeded the available memory
resources.
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Fig. 1: Comparison between model checking verification and PVS certification
times, considering overall certification times (a) and just SAT solver times (b).

Figure [I] presents preliminary results comparing model checking instances
verification times, i.e. the time taken by the model checker to verify that an
instance model satisfies a liveness property using the rlive algorithm (this is stage
1 of the certification process described in Section , against the certification
times of PVS, i.e. the time taken by PVS to prove the corresponding theorem
(this is stage 3 of the certification process described in Section . Figure
accounts for all the PVS certification contributions whereas Figure focuses
on just Yices SAT solver times. Figure shows that almost all data points
lie significantly above the diagonal dashed line indicating that PVS total proof

3 We modified the PVS Makefile configuration to increase resource allocations.
The SBCL_SPACE_SIZE parameter was increased from 6 GB to 30 GB, and
SBCL_STACK_SIZE was increased from 8 MB to 32 MB.



time is consistently higher than the model checking verification time for the same
problems. Figure [Tb] shows that Yices times are generally closer to the diagonal
line, suggesting that the proof-obligation discharging part of the proof is more
efficient than the rest of the steps performed in the PVS proofs.
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Fig. 2: Times breakdown for PVS-based runs.

To better understand the reasons behind this gap, we further analysed the
breakdown of execution times for different operations within PVS. Figure [2]il-
lustrates the total certification time divided into three components: type-checking
time, the time spent verifying semantic constraints, determining expression types,
and resolving names, proof-checking time, the time spent executing the actual
steps of the proof strategy and SAT-solving time, the time of the proof-checking
time spent on calls to the SAT solver Yices. Our analysis reveals that PVS per-
formance bottlenecks occur primarily within proof steps other than the Yices
solver component. When processing theories with numerous shoals formulae,
PVS spends disproportionate time on fundamental logical operations, such as
logical operators’ expansion. For n shoals, expanding basic LTL operators like
‘AND’ requires approximately n separate expansion operations, each triggering
cascading expansions of nested ‘OR’ operations. These operations, as well as op-
erations of installing and rewriting definitions, involve substantial hidden costs.
PVS performs additional typechecking and book-keeping during these opera-
tions. This explains the significant gap between Yices processing time and proof
time observed in our performance analysis.

While our analysis indicate scaling limitations in the current prototype im-
plementation, it is important to emphasise that the primary contribution of this
work is the theoretical foundation and correctness of our proof strategy for rlive.
The prototype serves its intended purpose: demonstrating that the strategy is



sound and functional by successfully certifying the tested benchmarks. The PVS
based framework could be implemented using alternative certification tools or
optimised versions of PVS tailored to this problem domain. As proposed in [28§],
future work will address these scaling concerns.

6 Conclusions and Future Work

In this paper we have considered rlive [30], a new SAT-based model-checking
algorithm for the verification of liveness properties of finite-state symbolic tran-
sition systems. We have shown that, despite the complexity of the algorithm, the
shoals provided by the model checker are sufficient to generate proof certificates
in a deductive system for temporal properties, and that even though rlive and
k-liveness seem two very different algorithms, in terms of temporal rules the first
can be seen a generalisation of the second, as it is presented in [15]. We have
formalised the rule for rlive, proved its correctness and completeness, and devel-
oped a proof strategy that uses this rule to certify liveness checking results. We
have implemented our strategy as a prototype in an existing certifying model
checking framework [28] based on PVS, and tested the implementation on a set
of benchmarks from the hardware model checking competition.

We see several directions for future work, such as extending the certifying
model checking approach to other liveness checking algorithms such as liveness-
to-safety [1] and FAIR [6]. It would also be interesting to investigate the possibil-
ity of a proof strategy that encompasses all these liveness checking algorithms.
We would also like to generalise the current proof strategy for rlive to account for
multiple fairness constraints, as it is done for k-liveness in [15], since our approach
is currently limited to a single fairness condition (namely —¢). Since proofs are
easily composed, it is a very feasible next step to consider the generation of
proofs that combine multiple transformation techniques with liveness proofs, as
it is done in |15] for k-liveness. Some of these transformations, such as temporal
decomposition and phase abstraction, are already certifiable using the theorem
prover based approach from [28]. We would also like to consider generalisations
to the infinite-state transition system and SMT (Satisfiability Modulo Theories)
based model checking, since rlive has recently been generalised to handle this
type of transition systems [8].
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